We propose to study a generalization of the Klebanov-Polyakov-Witten (KPW) construction for the algebra of observables in the c = 1 string model to theories with c > 1. We emphasize the algebraic meaning of the KPW construction for c = 1 related to occurrence of a model of SU (2) 
Introduction
Two recent papers [1, 2] began a systematic study of the what can be called the algebras of observables in c = 1 theories of 2d-gravity. These algebras should be considered as main invariant characteristics of topological (and/or string) models (in particular they should not depend on the order of perturbation expansion). In most cases string models are constructed starting from particular conformal field theory (CFT) by coupling to and integration over 2-dimensional metric on Riemann surfaces. In practice, one usually Moreover, it predetermines, to some extent, the form of the algebra of observables in the latter theory.
The main logical steps in the scheme of [1, 2] may be described as follows:
1) Consider first the matter (CFT) sector. Take one free scalar field X, compactified on a circle of radius r = √ 2 (i.e. X ∼ X+2πr = X+2π √ 2), with a stress tensor − 1 2 (∂X) 2 .
At this value of radius the original symmetry U(1) × U(1) enlarges to SU(2) × SU(2), 1 Really these two items are related: when the central charge is equal to zero one can pull out Virasoro action from descendants to the vacuum and cancell corresponding correlators, then only correlators of primaries are non-zero.
therefore one can consider chiral sector with symmetry SU (2) ). This correspond to the self-dual point of the c = 1 Gaussian model [3, 4] where SU(2) × SU(2) acts naturally on the Virasoro primaries of the theory 2 . In what follows we would rather consider
the holomorphic or open-string sector of the theory (like in [1] ) which can be naturally decomposed with respect to single SU(2) action. Then all the primary "chiral" vertex operators in such matter theory form a model of SU (2): M[SU (2) ].
Comment: Thus, the loop chiral algebra of this theory, considered as CFT, J ± = e ±ı √ 2x and J 0 = i √ 2∂x (x is the holomorphic part of the scalar field X). Then the generators Q ± = J ± , Q 0 = J 0 form usual SU(2) algebra 3 . The highest-weight operators (i.e. those annihilated by Q + ) are given by ψ J,J = e i √ 2Jx with any (half-)integer J.
Since SU(2) generators commute with the stress tensor, their action transform Virasoro primaries into primaries, and whole sequence ψ J,m ≡: Q − ψ J,m+1 : beginning from ψ J,J
consists of primary fields. For any (half-)integer J this sequence is finite:
is the lowest-weight operator (i.e. is annihilated by Q − ). The set {ψ J,m } with |m| ≤ J and given J forms a spin J representation of SU (2) . All these operators ψ J,m are the Virasoro primaries and there are no other primaries 4 . This last statement is not quite obvious since it is not easy to exclude any other candidates for the role of highest weight fields as well as the possible occurrence of non-highest-weight representation. The simplest way 5 to confirm that no primaries are overlooked is to reproduce the holomorphic (or openstring) partition function from a sum over all characters of irreducible representations of the Virasoro algebra associated with the announced set of primaries 6 .
Conclusion: Thus at the starting point one already discovers a model of SU (2): it is formed by the set of primaries of corresponding conformal theory. This set is, of course, not the same as the entire spectrum of the matter conformal theory, since operator product expansion (OPE) in CFT contain also descendants, which have nothing to do with the structure of M[SU (2) ]. In order to get a M[SU (2) ] structure one has to get rid of all 2 Thus, one can single out the self-dual radius as a point of enhanced symmetry group whose model we will be trying to reproduce. 3 Since X ∼ X + 2π √ 2, Q 0 does not need to vanish. 4 For other compactification radii the set of primaries is different.
5 Alternative (and long) way is, for example, to thoroughly investigate the operator algebra. 6 An alternative description of the same chiral theory is in terms of the level k = 1 W ZW model.
Virasoro-descendants.
2) In order to achieve this goal let us couple the matter sector to the 2d gravity,
i.e. consider the corresponding string model. There is a well defined subsector in the space of observables, which consists of surface (for holomorphic part contour-) integrals of (matter) + (Liouville) primaries, provided the full dimension is one.
Comment:
The drastic reduction of the space of vertex operators is a general phenomenon occurring whenever a string model is build from CFT. Let us remind first the situation with the critical string. In the simplest treatment, one neglects Liouville field at all, but this is not the only thing one does. There are three additional requirements to physical vertex operators in critical string models: a) They do not contain ghost fields (in certain and natural picture) 7 .
b) They are Virasoro primaries (with respect to "full" Virasoro). (All the descendants, present in CFT are "gauged out". The reason is that coupling to 2d gravity implies gauging the Virasoro algebra and thus all the descendants are eliminated as gauge-noninvariant operators. They really decouple from the correlators 8 ).
c) They are integrals (in the picture consistent with a)) of operators of conformal dimension one 9 .
Naive generalization of these three principles to the case of non-critical string has been suggested in [5, 6] , with the only modification made at the point b), where one is supposed to take primaries of the full (matter + Liouville) Virasoro algebra, in the form of (matter primaries)×(Liouville primaries) and Liouville primaries being pure exponentials. It is, however, not quite true that such a simple generalization is valid. A problem arises at the very beginning point a). In order to derive honestly this requirement one should prove that in every BRST cohomology class there is a ghost free representative. According to [7, 2] this is not true in non-critical case: there are two additional representatives of the cohomology classes, which unavoidably (and non-trivially) contain ghost fields. In the particular case of c = 1 model, the first ones were interpreted in [2] as a ground ring, 7 Except for one delicate point, concerning dilaton operator. 8 It is just no-ghost theorem. 9 Let us note that other (equivalent) pictures may be obtained by multiplication of dimension one integrands (constrained by a) and b)) with ghost field instead of integration -see also sect.3.
another one (the "ghost number two") still has no nice interpretation. It seems, however, that the subsector, described by principles a),b),c) is closed by itself under OPE (modulo descendants, i.e. fields vanishing in the correlation functions). Another delicate point is that the requirement c), i.e. that the full dimension is one, permits two different choices of
Liouville primaries associated with a given matter operator. In what follows we consider a subsector with one specific choice of these two. This subsector also seems to be closed under OPE in the above sense.
Conclusion: In any string model (i.e. CFT coupled to 2d gravity) a certain subset of observables is in one-to-one correspondence with the set of primaries of the matter theory. Therefore, if we start from the matter model, described in 1), the space of observables contains a subset, which is a model of SU (2): it is formed by the set of primaries of M[SU(2)] and is closed under OPE modulo descendants. The corresponding vertex operators are of the form
3) These operators form a Lie algebra G (in contrast to the OPE in original CFT, which is not a Lie algebra), its structure constants being defined by 3-point correlation functions on a sphere.
Conclusion:
Thus, starting from 1) we obtain an embedding of M[SU (2) ] into a certain subset of algebra of observables, which turns to be a Lie algebra G[SU (2) ]. Moreover,
respects the structure of a model): ternatively interpreted as an algebra of area-preserving diffeomorphisms of a 2-dimensional plane R 2 ∼ C (i.e. as an algebra of Hamiltonian vector fields 10 on a plane, which can be also identified with a realization of W ∞ -algebra).
6) G[SU(
2)] may be also identified with the algebra of derivatives of the ground ring which is formed by the other piece of the algebra of observables: of dimension zero and ghost number zero physical vertex operators [2, 7] . The ground ring is, in fact, isomorphic to the ring of Hamiltonians (polynomials on R 2 ∼ C).
This was a brief description of the original KPW construction for the case of G = SU(2). If we omit all the details, the result is as follows: Another appealing property of the c = 1 example is its pure algebraic aspect: the possibility to introduce a new algebraic structure in the model of a simple Lie algebra G = SU(2), which in this particular case is just a Lie-algebra commutator with the structure constants given by appropriate 3j-symbols of original G, and, moreover, possessing an interpretation as an algebra of diffeomorphisms of an orbit of G.
It is very natural to look for generalizations of these results, which seem interesting both from physical and mathematical points of view. What we propose to do is to start from any simply laced algebra G and try to work out the analogue of KPW construction as far as possible. This paper concerns with steps 1) and 2) of the above scheme, which are rather straightforward, but unavoidably involve the concepts of W G -gravity and W Gstrings, which are still very poorly understood. We believe that their natural occurrence in the KPW construction demonstrates once again that W G -gravities are not artificial "game of the mind" in the context of string theory for c > 1 and should attract much more attention to the interesting field of W -geometry [8] [9] [10] [11] [12] [13] .
In section 2 we consider the spectrum of physical fields in the chiral sector of c = r G W G -string theory. We prove in sect. 
Primary fields for compactifications on root lattices
There are two different approaches to the problem -we present both of them. The first is technically simpler, the second -more sophisticated, but instead it emphasizes the important relation to the structure of Verma modules and null-vectors. We consider these two approaches separately.
Circle compactification (the case of SU (2))
The model structure. Consider a theory of one free scalar field X, compactified on a circle, with Lagrangian ∂X∂X. Its chiral algebra usually containsÛ(1) ×Û (1), generated by J 0 = ∂X, and Virasoro algebra, generated by T = − 
n, m ∈ Z, where R is so-called radius of compactification [3, 4] (to avoid misunderstanding we stress that it is really a half of real compactification radius: x ∼ x + 2πR andx ∼ x + 2πR, but x +x = X ∼ X + 2πr, where r = 2R). However, sometimes the holomorphic chiral algebra is enlarged to become SÛ (2) k=1 generated by J ± = e ±i √ 2x and J 0 . This happens in the self-dual point when R = 1/ √ 2 (this theory is, of course, related to thê SU(2) k=1 WZW model, see below). In this case the set of primaries should be SU(2) × SU(2)-invariant, for holomorphic or open-string theory it means that with any e ipx the spectrum should contain all non-vanishing (
Q ± = J ± are generators of SU (2) and commute with the stress tensor). Whenever p = integer × √ 2 this sequence is finite: k ≤ |p|/ √ 2 and form a spin J (J = |p|/2) representation of SU (2) . Clearly every representation appears exactly once and we obtain a model of SU(2).
11 x andx denote holomorphic and anti-holomorphic parts of X respectively.
Holomorphic partition functions as a character of a model. This conclusion is confirmed by the formula for one-loop partition function of the theory. Indeed, it equals [3, 4, 14] for
where θ -are ordinary Jacobi theta-functions, and coincides with the partition function of SU (2) k=1 WZW theory. Let us introduce the quantity
This can be interpreted as a "holomorphic square root" 12 of partition function or, what is essentially the same, as partition functions of the corresponding open-string models [15] [16] [17] . This holomorphic partition function can be represented as a certain sum of the Virasoro characters over all the Virasoro primaries, appearing in the spectrum of the theory. In accordance with our arguments above (2) exactly the model of all representations of SU (2):
Here χ J (τ ) denote the Kac characters of representations Virasoro algebra for c = 1 [18] :
and multiplicities (2J + 1) = dim R J reflect that we indeed have the model of SU(2).
Substitution of (7) into (6) gives:
12 This name may be to some extent motivated by the famous examples of E(8) and SO(32) when the weight lattices are equivalent to the root ones (even self dual lattices Γ 8 and Γ 16 respectively) and there is only a single term in the sum (1).
in accordance with (5).
KRC-formula from a limiting procedure. As to the formula (7), it may be easily derived 13 from the well-known expressions [19] for the Rocha-Caridi characters of the Virasoro algebra for c = 1
in the limit p 
Here
The algebraic sum at the r.h.s. of (5) arises because one needs to eliminate the submodules from the Verma module, which are generated by null-vectors. Such null-vectors arise at the levels n · m,
in the original module and are naturally decomposed into two different sets. The levels from one set depend strongly on p ′ and/or p and go to infinity when p ′ = p + 1 → ∞. This leads to a drastic simplification in the case of c = 1: all intersections of sub-modules disappear, the remaining sub-modules form a single "tower" of embedded modules, and instead of an infinite algebraic sum in
]. This is, however, not the whole story:χ(τ ) does not need to be a character of an irreducible representation at c = 1. This is explained by appearance of new null-vectors in the limit c = 1, which were absent for all values of c < 1 (α 0 = 0). This is indeed the case, unless either m or n is equal to 1. In fact, this is already clear from the fact, that all dimensions of primaries ∆ m,n (10) with given n − m coincide in the limit p ′ = p + 1 → ∞, and thus all such representations of the Virasoro algebra should become identical. It means that representations with n (or m) = 1 should acquire new null-vectors when c becomes 1.
To make this statement a bit more formal, let us introduce a primary field 
One has to require the OPE of (12) with the stress-tensor − 1 2 (∂x) 2 + iα 0 ∂ 2 x being of the usual form for the primary field, in particular this means that third-and fourth-order poles in the OPE vanish, what corresponds to
The system (13) has non-zero solutions only with zero determinant, i.e.
with obvious solutions
Comparing (15) (for example for the positive sign) with the formula (11):
we get two distinguished cases: for α 0 = 0, m = 2, n = 1 give the only solution, while for α 0 = 0 we get the only restriction on m and n: m − n = 1, which means that in the modules for (m, n) = (n + 1, n) for n > 1 new primary fields appear when α 0 → 0 at the second level.
In terms of the null-vector condition this means that
For α 0 → 0 (and only in this case) this has additional zeros for m − n = 1:
Therefore
for N = 2J +1 = 2, where 2J = m−n = 1, and for any n. The only kind of representation which does not acquire any new null-vectors at the point c = 1 has n = 1 (in our conventions when m > n), and the correspondingχ m,
exactly the Kac-Rocha-Caridi characters (9) with 2J = m − 1.
Our next purpose is to generalize this more or less widely known construction from the case of SU(2) to other simply laced algebras (only simply laced algebras are just so simply related to the torus compactifications: in the case of simply laced algebras the Kac-Moody algebra with k = 1 possesses an obvious free-field representation in terms of r G scalar fields).
Torus compactifications
The origin of the model structure. Relevance of W G -algebra. Proceed now to the case of arbitrary simply laced algebra G. Namely, consider the set of r G = rank(G) free fields X = {X 1 , . . . , X r G } with Lagrangian ∂X∂X. Usually the chiral algebra in the r G -dimensional free field theory isÛ (1) r G ×Û (1) r G and the Virasoro algebra is generated
However, now it is reasonable to consider not only a Virasoro subalgebra of the chiral-algebra, but larger (higher-spin) W G -algebra, essentially generated by operators like (µ∂X) n . Compactification is defined by r-dimensional lattice Γ = {γ}:
X ∼ X + 2πγ. Naive Virasoro primaries are e ipx e ipx , where
where Γ * is dual lattice to Γ, i.e. γγ * = integer. However, for particular compactification on lattice, the chiral algebra may becomeĜ k=1 (of course, any subalgebra H ⊂ G is also allowed), generated by J α = e iαx , H ν = ν∂x, where α are all the roots of G and ν form some basis in the Cartan (hyper)plane. This happens whenever Γ (γ ∈ Γ)
is the root lattice of G; then the charges Q α = J α and Q ν = H ν , which generate the action of the global symmetry algebra G commute with the stress tensor, and the Virasoro primaries should form representations of G. This implies, that just as it was in the SU(2) case along with the "naive" primaries (or tachyons) e ipx e ipx there should be also "non-naive", arising from the naive ones by the action of G. However, when r G > 1 this is not the whole story: the set of non-tachyon Virasoro primaries is much bigger. (In critical string theory this is a well-known phenomenon -there are much more primary fields than only tachyons: gravitons and other higher spin excitations.) Therefore in order to diminish the set of primary fields and make it related to the model of G (where every representation appears exactly once), it is reasonable to consider a set of W G -primaries.
Operators of W G -algebra are essentially given by a=0 (ν a ∂x) n with n = 1, . . . , r G (ν a are certain vectors in the Cartan (hyper-) plane, related to the fundamental weights, see [20] ). The W G -algebra (or its universal envelope) can be defined as a piece of the chiral algebra (universal envelope ofĜ 1 in our case), which commutes with all the charges Q α , Q ν . Therefore all W G -primaries still need to form multiplets of G, and the set of
. In order to demonstrate that there are no more W G -primaries (which is not true for example for the only Virasoro-primaries) we refer to the formulas for the one-loop partition function (just as we did in the SU(2) case):
with ǫ running over set of vectors { 1 2 e i } and 0 ({e i } being the basis of lattice Γ ) [14] .
The item with ǫ = 0,
is modular invariant by itself and is, in fact, a one-loop partition function of the k = 1 WZW model for a simply laced G [21] . The corresponding 1-loop partition function in
Here we label the highest weight representations R 
Here W is the finite Weyl group of the algebra G and det(σ) stands for the determinant of transformation σ ∈ W, (for G = SU(2) the Weyl group is W = Z 2 , thus there are only two items in the sum (24) and we return to eq. (7)). These characters depend and (24) .
Proof of eq.(22).
The proof is a bit more subtle but very close to that of the SU (2) case.
Let us calculate the sums at the r.h.s. of eq. (22) . First of all, note, that these sum can be taken over entire weight lattice. Indeed, as a simple corollary of eqs. (23) and (24) we have for any σ ∈ W and weight ν:
where ν σ ≡ σ(ν) + σ(ρ) − ρ. This implies that for any lattice T
where ordW is the order (the number of elements) of Weyl group, T + is intersection of T with the Weyl chamber, andT is the union of specifically shifted images of T + under all the transformations from the Weyl group:
In general,T does not need to coincide with original lattice T . This is true for root latticê Γ = Γ, but for the case we consider now:Γ * = Γ * . (In the simplest example of SU(2)
Thus the difference between Γ * + andΓ * + consists of a single point ν = −ρ, and, according to (23) this is exactly the point where D −ρ = 0, i.e. which does not contribute to the sum at the r.h.s. of (26), so that it can be taken over the whole lattice Γ * + .) The last statement is also true for all other simply laced algebras G: in general the difference between Γ * + andΓ * + is no longer a point, but consists of hyperplanes of codimension 1, such that for any ν ∈ Γ * −Γ * the sum ν + ρ is orthogonal at least to one of the positive roots and thus, according to (23) the corresponding D ν = 0, and the sum at the r.h.s. of (26) can be taken over entire Γ * instead ofΓ * . We conclude that (up to a factor ordW) the sum at the r.h.s. of eq. (26) is over entire lattices Γ * .
Now the calculation can be done as follows. First, we have
when, we have also used that D ν = 0 for ν ∈ Γ * −Γ * . Substituting (28) , and changing the summation variable Λ = ν + ρ − s(ρ) one gets
(we do not need to take care about boundary terms since we sum now over entire lattice Γ * ), and it has been used that s 2 = 1 for s ∈ W, as well as:
for any Λ. Finally, the r.h.s. of eq. (29) is equal to
where the lattice Θ-function is defined as a sum over the root lattice Γ. This proves eq. (22) provided (24) is correct.
Characters (24) as the limit of Fateev-Lukyanov characters.
In order to derive the formula (24) for the characters of irreducible W G -representations we will just apply the same trick as we demonstrated in the case of SU(2). Namely, let us make use of the known W G -characters for the "minimal" series, arising for certain values of c < r G c = r G − 12α
and then take the limit c → r G , or α 0 → 0. According to [23] 
After one takes the limit p → ∞, p ′ → ∞ so that p ′ − p is fixed and finite only the term with α = 0 from the whole sum over root lattice survives in (33). After a conventional redefinition Λ i → Λ i + ρ and setting Λ 1 = 0 (the analog of n = 1 condition in the SU (2) case) and Λ 2 ≡ Λ one recognizes the formula (24).
Virasoro and W -primaries from BRST formalism
There exists a somewhat different way to observe the complicated structure of primary fields in c = 1 and c = r G string theories (see for example [2] , another example was in fact given in sect. −N Φ p }, which is a new non-naive primary field. We present an example of this phenomenon (to be added to those already given in [2] ) 15 .
First, we demonstrate how it works for c = 1 − 12α 
Then
To get in (35) zero, one has to put 15 Note that this mechanism of generating new primaries as null-vectors is not the only possible. In fact we consider cokernel of the chiral algebra. If we discuss Virasoro (rather than appropriate W -) algebra for r G > 1 the cokernel is very large and there is plenty of Virasoro primaries which are neither tachyonic operators, nor can be described as null-vectors, as we have in critical string theory.
The formulae (36) certainle coincide with usual second level null-vector conditions (see, for example [24] )
for ∆ = p 2 /2 − α 0 p. Now we shall turn to the example which is the simplest possible, involving higher W -operators. Let us take G = SU(3), c = 2 (α 0 = 0), level N = 2. Then
The Virasoro and W -modes act as
Now the only parameter a is not enough ensure vanishing of the sum {L −2 +aL 2 −1 }e ipX for any p. Thus in order to get null-vectors we need to consider "mixed" Virasoro-W action (i.e. there is no null-vector built from only the Virasoro modes). For the W -operators one has:
The formulae for the particular case of SU(3) read:
Combining (41), we see that
and
The solution to the null-vector conditions (43) exists, when
(in our conventions X 1 is chosen alongμ = (0, 2/3)) and looks like
and corresponds to six fundamental weights of 3 and3.
Coupling to W G -gravity
We demonstrated in the previous section that the W G -primaries in the matter theory, compactified on the root lattice of the Lie algebra G, form the model of G. However, the spectrum of this matter theory which is just an ordinary conformal theory is by no means exhausted by the primaries: there are many W G -descendants, and these do not respect in any obvious way the structure of the model, which is of the main interest for us. Therefore, if we want to distinguish this model structure we need to get rid of descendants. The simplest way to do this is just to gauge the W G -algebra, i.e. consider the W G -string model:
by coupling to W G -gravity we will cancel the contribution of all the W G -descendants to the physical correlation functions 16 . In this short section we demonstrate that this transition, which essentially involves dressing of matter primary fields by appropriate W -Toda fields, indeed preserves the G-model structure, which therefore becomes the feature of the set of observables in this string theory (again we will consider a kind of "chiral" theory).
The reason for this is very simple: all the W -Toda fields just commute with the action of G-charges Q α , Q ν , and thus dressing does not affect any structures, related to the algebra G (but may give a correct selection rule).
The subject of W -strings (or closely related W -gravity) has been already discussed in the literature [8] [9] [10] [11] [12] [13] . Attempts were made in order to work out an analogue of the DDK approach (or [25] ). It has been also confirmed by the BRST calculation that observable operators, obtained in this way, are indeed annihilated by BRST charge [26] . Of course the DDK-like construction, which assumes an oversimplified dependence on the ghost and Liouville fields, does not need to give all the observables 17 . But even in the sector which 16 It means that Liouville and ghost contributions just cancell Dedekind η-factor in (22) . 17 Just as it happens in the SU (2) case, where along with "dimension zero, ghost number one" (or "dimension one, ghost number zero") operators implied by the DDK formalism and considered in [1] , there are also less trivial "dimension zero, ghost numbers zero and two" observable operators [7, 1, 2] . it does describe, the DDK approach is less conclusive than in the case of ordinary strings.
The main difference arising in consideration of W G -gravity as compared to the ordinary "Virasoro gravity", is that observable operators are no longer represented as integrals of (at least any simple) ghost free operators of dimension one. Instead the adequate ghost free
Even triple correlators of such observables involve non-trivial correlators of ghosts (the moduli space of W G -gravity is already non-trivial for a sphere with 3 punctures), which need a reasonable understanding of W -geometry in order to be defined. This is the main obstacle on the way to work out the structure of algebra of observables (reminiscent of operator product expansion) and thus to understand the points 3)-6) of the KPW construction, as described in the Introduction.
While resolution of these problems is beyond the scope of this paper, in this section we present a bit more details about DDK formalism for W -strings to illustrate what we just said about it and also to demonstrate that it preserves the model structure of our c = r G matter theory from the previous section.
The analogue of conventional Liouville action is provided by conformal G-Toda action:
the sum is over r G simple roots of G. In the framework of the KPW construction we consider a point where all η i = 0. Besides the r G -component W -Toda field φ there are also r G species of ghosts: Grassmann b,c-systems with spins j ∈ S G with the first-order
Occurrence of ghosts is obvious from the geometrical meaning of W -fields (describing certain flag structures in the jet bundle over Riemann surface [10] ) and, more technically, from interpretation of (12) Thus the central charge of ghosts is equal to
The central charge of the W -Toda fields equals c φ = r G + 48β 
The naive DDK approach implies the following algorithm for building up the observables in the W G -string model, which arises by gauging W G -symmetry of the matter sector.
A) Pick up any W G -primary from the matter sector. In our particular model from sect.2 it is labeled by two indices:
where ν (a is a vector in the weight lattice) labels representations R ν [G] of G (ν is just its highest weight), while ξ ≡ ξ R labels the element of this representation. The conformal dimension ∆ ν,ξ = ν 2 /2 is independent of ξ.
B) Dress this matter field by the W -Toda exponent: Ξ ν,ξ (x, φ) = Ψ ν,ξ (x)e Bf β ν φ , so that Ξ ν,ξ has the fixed dimension ∆ {G} . This requirement restricts the value of β ν :
or, in our particular model with ∆ ν,ξ = 1 2 ν 2 and β 0 = 1,
Of course, there are many solutions of this 1-component (scalar) equation for the r Gcomponent (vector) β ν once ν is fixed. However, it is clear that a distinguished set of solutions arises, if
(about possible choices of sign see below) 18 .
C) Add extra ghost factor in order to compensate for non-vanishing ∆ {G} and create an operator of dimension zero.
In conventional Liouville theory (2d gravity) ∆ {SU (2)} = 1 and it is enough to multiply Ξ(x, φ) by an ordinary reparameterization ghost c −1 ≡ c to create an observable operator
Correlators of observables are evaluated with additional insertions of the form
where µ (2) α are the Beltrami differentials, associated with the moduli of complex structure of the surface, and N (2) is dimension of the module space. An alternative and conceptually simpler description of essentially the same operator as (53) in Liouville theory may be given without any reference to ghosts and BRST formalism: observable may be defined However, again for G = SU(2) the situation is much more complicated. No natural representation of observables of the form (63) is available (at least at the moment), so one needs to rely upon a less transparent BRST formulation, analogous to (53). Generalization is obvious: instead of dressing Ξ(x, φ) by multiplication with a single ghost field c −1 , now one needs to multiply with a whole combination of ghosts 19 :
In the last equation we substituted our explicit formula (52) for β ν and "bosonized" ghost fields, i.e. b j = e −iϕ j , c 1−j = e iϕ j . The bosonized ghost action (47) is
The peculiar combination
, and the entire product in (64) is of dimension
Therefore the observable operator indeed has vanishing dimension, but instead it is of incredibly large ghost charge. This ghost charge is compensated, when correlators of observables are evaluated, by a product
which now involves Beltrami differentials associated with all the "moduli of W -structure".
Unfortunately, the meaning of this last notion is much worse understood than its W 2 -counterpart, which is known to be associated with moduli of the complex structure of the surface (so, that the Beltrami differentials µ (2) , associated with punctures, just describe the shift of the puncture position). As explained in [10] a holomorphic (chiral) fragment of W -structure is associated with a certain flag in the jet bundle over the surface. However, there are still unresolved serious difficulties in understanding the entire (non-chiral) 19 We use the particular dressing by ghost fields -the contribution of any c 1−j to this dressing is given by the lowest dimensional operators. This is consistent with the BRST analysis and properly describe the spectrum of the theory but does not mean that the operators of other ghost numbers (pictures) do not make contributions to the correlators. structure 20 . The non-trivial "W -moduli" appear already on the 3-punctured sphere, thus turning even evaluation of 3-point functions and thus the algebra of observables into a problem. Resolution of this problem is crucial for proceeding with the KPW construction in our c = r G model. We hope to return to these intriguing problem elsewhere.
The assertion that the operator (56) is indeed a proper observable operator in W Gstring c = r G model is somehow confirmed by the fact, that it belongs to the BRST cohomology. It was explicitly checked in [26] for the case of G = SU(3). The general form of the BRST operator
survives even in the case of non-Lie W -algebra with quadratic commutation relations, if one substitutes to (60) the dependent on generators T a structure constants f a bc = f a bc (T a ). For the case of SU(3) the structure constants are known from [31] and the BRST operator
(with β = 16 22 + 5c , γ = 5c 1044 ) satisfies nilpotency condition for c = 100, ∆ = 2ρ 2 = 4 [26] . The form of the similar BRST operator for any simply laced G can be got from (60) by substitution of the structure constants (depending on the generators) of the quantum algebra W G . Note that these arguments confirm also our suggested choice of W -Toda 20 There are at least two distinct(?) problems. One is related to the Serre relations: the Borel subalgebra is not free for G = SU (2), this leads to additional non-linear constraints and, in particular to problems with quantization (see [10, 29] ). Another problem is that while the stress tensors in conformal field theory is essentially holomorphic: T µν = {T zz , T zz , Tzz} and T zz = 0, there are no a priori reasons why , say, W zzz -component of the spin-3 W 3 -operator should be neglected, though no direct information about it is contained in the structure of chiral W -algebra, which involves only W zzz . Moreover, the existing geometric interpretation of W G -gravity [10] involves only chiral (holomorphic or antiholomorphic) structures on the surface.
dressing of eq.(52).
Conclusion
To conclude, we discussed in some details the G-induced structure on (a subsector of) the space of observables in the c = r G W -string model, arising after gauging the W Gsymmetry of the 2-dimensional conformal matter theory, which describes compactification on Cartan torus of a simply laced Lie algebra G. The chiral component of this space may be considered as a model of G.
This implies that the result of the KPW construction in this case should be some algebraic structure, intimately related to the model, which still remains to be discovered.
This algebraic structure should be related to the algebra of observables of the theory,
i.e. algebra of OPE of physical operators modulo descendants, or algebra of correlation functions. A systematic approach to this problem requires a better understanding of the W G -geometry, what seems to be also an intriguing subject. In particular it would be nice to have a simple generalization of DDK prescription, allowing one to represent the physical operators involved into correlation functions in a simple form. However, a lot of questions on this way need to be understood much more clear. Finally, we will try to present here at least some of them:
a) The relation between algebra of commutators of chiral operators (contour integral) and correlation functions (surface integrals) should be more clear even in the SU (2) case (a priori they have different symmetry properties even under the permutation of operators).
b) The important remaining problem is complete classification in spirit of [7] the physical spectrum of W G -gravity. In fact, be this classification known a lot of questions we addressed to in the paper will be surely immediately tractable.
c) Even considering of three-point correlation functions may not be enough for higher groups G and higher W G -gravities, though even the commutation relation for W G -algebra itself are quadratic, one could expect the necessity to consider four-point correlation functions in order to determine a non-Lie algebraic structure.
d) After Witten's proposal [2] it is natural to ask whether any algebra of observables can be decomposed into the commutative (ground) ring and antisymmetric chiral algebra, acting on this commutative ring by derivatives, and what is the action of this antisymmetric chiral algebra (see also the item f)).
e) The next question rather concerns the c < 1 string models. It would be nice to find various reductions of the W ∞ -algebra in corresponding theories which can be obtained as certain reductions of Hilbert space of the c = 1 theories. From comparison with matrix models one could expect the appearance of W q -algebra's for OPE's in different (p, p ′ )-minimal series (see also [32] ).
f) Finally, it is interesting to study algebraic properties of the Clebsh-Gordon coefficients for higher (at least, simply laced) groups. Namely, do the 3j-symbols C ν 1 ν 2 ξ 1 ξ 2 ν 3 ξ 3 with additional conservation law like ν 3 = ν 1 + ν 2 − 2ρ or ν 3 = ν 1 + ν 2 − θ, where θ -the highest root of G 21 , satisfy some clear algebraic relations like Jacobi identities 22 ?
The answer to this question would state whether any chiral algebra can be interpreted as universal envelope of some smaller and simpler algebraic structure like SU(2) case, when Clebsh-Gordon coefficients are the structure constants (or adjoint representation) of the enveloping algebra T (µ) of SU (2) [1] (see also Appendix).
One could try also to guess, what can be this algebraic structure, just generalizing the result of the KPW construction in the SU(2) case. We add Appendix, describing immediate implication of such attempts: concerning the Lie algebra, defined by symplectomorphisms of the coadjoint orbits. This topic is not quite trivial and is of certain interest by its own, though its relation to the KPW construction for G = SU(2) still remains somewhat obscure.
We are indebted to A.Alekseev, Vl.Dotsenko, A.Gerasimov, D.Juriev, A.Losev, S.Pakuliak and A.Sagnotti for illuminating discussions. 21 Actually the second choice allows corresponding operators to acquire unit dimension instead of 2ρ 2 for the first case, as it has been considered above, see also Appendix 22 They are antisymmetric for group SU (n) only at n = 2, 5, 6, 9, 10, . . . Thus, in these cases they have a chance to be a structure constants of Lie algebra satisfying the Jacobi identities. At all remaining values of n Clebsh-Gordon coefficients are symmetric and generate a commutative ring.
Appendix. Symplectomorphisms as a model
This Appendix is devoted to another ingredient of the KPW construction: the interpretation of (the Lie-algebra fragment of) the algebra of observables as the symplectomorphism algebra of a certain manifold. Symplectomorphisms (area-preserving diffeomorphisms or
Hamiltonian vector fields) usually form a much wider space than more familiar isometries (since they preserve a non-degenerate antisymmetric symplectic 2-form ω ij dx i ∧dx j rather than non-degenerate symmetric metric tensor g ij dx i dx j ). The symplectomorphisms algebra depends on the choice of symplectic form ω ij but is usually infinite (as compared to finite isometry groups). The symplectomorphisms are of special interest to the string theory since they are natural generalizations of the Virasoro algebra 23 . In particular this is the reason why symplectomorphisms of C 2 arise in membrane theory etc.
The generators of the symplectomorphisms algebra can be represented either as hamiltonians h(x) -functions on a manifold or as hamiltonian vector fields
The Lie-algebra commutator is just a commutator of these vector fields
or a Poisson bracket of the Hamiltonians
Below we shall prefer the Poisson bracket representation.
We shall also restrict ourselves to the case of complex spaces C n with coordinates z 1 , . . . , z n ,z 1 , . . . ,z n and "flat" symplectic form (or complex structure )
The study of this symplectomorphisms in the context of this paper is motivated by the crucial discovery of [1, 2] that the Lie-algebra piece of the algebra of observables for G = 23 Indeed, on complex manifolds the complex structure is introduced whenever a certain symplectic form is fixed (which satisfy additional relation ω 2 = −I) and, thus, the transformations which preserve the complex structure are particular examples of symplectomorphisms. 24 Generically there can be global obstacles for this relation. What distinguishes the KPW construction for the SU(2) case is that the global SU (2) algebra is identified with the adjoint representation from the SU(2)-model J (C). In other words the operators q 1,m would correspond to both O 2ρ,ξ and O θ,ξ only in the SU (2) case (ρ = 1 2 α∈∆ + α, θ -is the highest positive root) when according to the first representation it has proper conformal dimension while the second reflects its "adjoint"
properties. In general 2ρ = θ, therefore neither Toda fields nor ghosts must decouple for the operator O θ,ξ . However, this identification would still be valid if we use the construction which substitutes 2ρ by θ, but it does not seem to be quite adequate to the KPW construction. Usually, for G = SU(2) the piece algebra of observables (consisting of O ν,ξ ) is a G-model with respect to external action of global G (generated by Q α = J α and Q ν = H ν ), i.e. it is not identifies with the OPE involving the operators O θ,ξ , which belong to the selected set of observables (we do not insist that this piece of observables form a Lie-algebra !). However, despite all we have said, below in the example for SU (3) we shall show that J(C 3 ) is indeed a kind of SU(3)-model with respect to internal action of the adjoint representation from J(C 3 ). The relevance of these results to the KPW construction is at least obscure, but we decided to present them here because of their own interest.
Another remark is that it would be much more interesting to have a generic theory of symplectomorphisms of the coadjoint orbits of G and to understand what is the exact information about G, encoded there. Our discussion of C N spaces below is just a first step in this direction. and thusĴ(C) contains all the representations of (half-)integer spin J, i.e. is the model of SU(2).
Third, as we already discussed, while in the case of G = SU(2) the above algebraĴ(C)
is indeed the algebra of observables arising in the KPW construction, it is not precisely J(C 3 ) in the case G = SU(3) (despite that J(C 3 ) is essentially the model of SU (3), note also that in contrast to the SU(2) caseĴ(C 2 ) = J(C 3 )/{z 1 =z 3 } is less than a model of SU(3) !). In particular, the commutator of some vectors from the fundamental representation from J(C 3 ) if defined by the Poisson relations in J(C 3 ) is vanishing, but this is far from being obvious in the algebra of observables. For example, for ν = µ 1 , ν ′ = µ 2 in general one has 3 × 3 = 6 +3, and according to the rule ν ′′ = ν + ν ′ − θ, only 6 is eliminated by conservation law in the W G -Toda sector. Note, however, that this particular discrepancy can be connected with a specific choice of symplectic structure ω ij = δ ij which does not include any other invariant tensors, which should certainly appear in the chiral KPW construction.
